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Abstract: 

This work investigates heat conduction in a functionally graded Fin subjected to gradual 

cooling/heating at its boundaries analytically and numerically. It is assumed that the 

thermal properties of the functionally graded material are coordinated changes in the fin 

length direction. The linear model is applied to determine the physical properties of the 

functionally graded materials. To analyze the thermal behavior of the heat sink, two 

approximate analytical methods are used: first, the method relies on the mean value 

theorem. The second method relies on the principle of equivalent properties. The 

Numerical solution carried by ANSYS APD depends on stepped variation of properties. 

The results showed that the factor of property ratio controls temperature levels where the 

temperature levels at the end of the functionally graded fin change exponentially with the 

factor of property ratio. The effect of functionally graded material starts within the length 

where the maximum effect appears at the fin's end. The maximum absolute error 

percentage between the analytical and numerical results is (6.756%), which means a good 

match between both solutions.  

 

Keyword: Rectangular fin, Mean value theorem, Functionally Graded Material, 

Temperature distribution, Heat sink. 

 

1. Introduction: 

The utilization of overtime fins in heat transfer equipment has become advantageous owing to their 

comparatively expansive surface area, which amplifies heat transfer. Consequently, it functions as a highly 

efficient heat transfer medium in various applications, including but not limited to automobiles, steam power 

plants, furnaces, air conditioning and refrigeration devices, and more. Extensive scientific and engineering 

research has been devoted to the investigation, analysis, and experimental examination of fins, which are of the 

utmost importance [1].  

In recent years, functionally graded material (FGM) has emerged as a novel material development. It is 

distinguished by the fact that the material's composition exhibits a continuous gradient change in the direction of 

thickness. Additionally, the material's characteristics and function exhibit a gradient change. Additionally, the 

thermal and residual stresses of the material can be mitigated. When juxtaposed with conventional materials, the 

characteristics of FGM exhibit a substantial enhancement. Owing to its exceptional physical characteristics, it was 

found that it is extensively applicable in many high-temperature environment applications. Analyzing the heat 

conduction and temperature distribution characteristics is thus particularly crucial [2]. In recent years, many 

scholars have investigated the heat conduction of FGM, concentrating primarily on the analytical and numerical 

methods [3]. Gaba et al. [4] introduced an analytical solution to study annular fins with constant weight from 

FGM. A comprehensive second-order governing differential equation has been formulated to analyze the variation 

in material thickness and thermal conductivity along a given radius for all profiles and material grading. Oguntala 

et al. [5] resolved thermal models by utilizing the Chebyshev spectral collocation method, which postulated that 

the thermal properties of the functionally graded material followed a linear and power-law function. This study 

investigates the impact of convective and radiative parameters and the inhomogeneity index of FGM on the 
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thermal behavior of a porous heat sink. Khan et al. [6] derived an analytical solution to analyze the performance 

of a steady case of the fin in terms of Bessel functions when thermal conductivity with longitudinal length is linear 

and exponential, as well as Legendre functions for the quadratic case. The fin's transient and steady-state 

performance is found to be substantially influenced by the functional classification of the fin material. The thermal 

properties of materials utilized in heat exchangers with FGM longitudinal fins were evaluated by Hassazadeha 

and Bilgib [7]. The resultant equations were computed while two boundary conditions (Dirichlet and Neumann) 

were applied. An approximation analytical method was utilized to resolve the equations by employing the mean 

value theorem. In such heat exchangers, the results demonstrated that the inhomogeneity index of a functionally 

graded material significantly influences the thermal energy characteristics. Jemiseye et al. [8] used a Numerical 

model and analytical solution by Laplace Transformation-Legendre wavelet collocation methods to scrutinize the 

thermal responses of the functionally graded rectangular fin. When subjected to quadratic heat conductivity, the 

passive device exhibited improved thermal distribution and a lower fin temperature than those with linear and 

exponential heat conductivities. Sobamowo et al. [9] presented a nonlinear transient thermal analysis of a 

convective-radiative fin containing functionally graded materials (FGMs) under the influence of a magnetic field. 

Approximate and analytical solutions were obtained for nonlinear thermal models representing linear, quadratic, 

and exponential variations in thermal conductivity through the differential transformation method (DTM). The 

findings indicated that enhancing the inhomogeneity index radiative and magnetic field parameters contributed to 

the improved thermal performance of the fin. In addition, the FGM fin with quadratic and exponential law 

functions exhibited the slowest and quickest thermal responses, respectively, as determined by the transient 

responses. Hassanzadeh and Bilgili [10] employed a rough analytical method predicated on the mean value 

theorem to assess the heat sink's thermal performance. The findings of this investigation demonstrate that 

substituting the material used for the fins of heat sinks with functionally graded material results in substantial 

energy conservation for heat sinks due to enhanced heat transmission between the fin surfaces and the surrounding 

fluid. Ranjana and Mallicka [11] utilized an approximate analytical approach, and the homotopy perturbation 

method, the nonlinear dimensionless equation for a functionally graded material's conductive-convective-radiative 

annular fin, was solved. In addition, a numerical model was used to verify the results. An overall investigation of 

thermal performance is carried out, where the effect of some factors such as thermo-geometric, conduction—

radiation, thermal conductivity variation, heat generation, exponent of heat transfer coefficient, and the parameter 

of surface emissivity was significant on heat transfer rate, efficiency, effectiveness, and temperature distributions.   

George et al. [12] utilized the differential transform method, and the impacts of the nonhomogeneous index of 

functionally graded material, convective, and radiative parameters on the thermal performance of a porous 

heatsink were investigated. To forecast the heat transmission of the undulating porous fin, a hybrid model 

integrating the artificial neural network (ANN) and the differential evolution (DE) algorithm was put forth by 

Kumar et al. [13]. This study examined the significance of some parameters on the temperature field and the heat 

transfer rate graphically. Oguntala et al. [14] investigated the impact of Lorentz force on the longitudinal fin 

performance of functionally graded material. In that order, Bessel, Legendre, and modified Bessel functions were 

utilized to solve the governing equations of the linear, quadratic, and exponential functions, respectively. The 

thermal properties of the fin exhibited enhancement as the convective, radiative, magnetic field parameter, and 

nonhomogeneous index were all increased. Furthermore, the energy-saving capability of the power law function 

was considerably greater than that of the linear class functionally graded material radiator. A finite element 

analysis was presented by Sobamowo et al. [15] to examine the transient thermal response of a convective-

radiative fin composed of functionally graded material when subjected to a temperature-varying magnetic field. 

The parametric studies revealed that the temperature of the extended surface increases in the same order as the 

homogeneity index. Also, the augmentations of the radiation and magnetic field parameters lead to a decrease in 

the thermal distribution of the extended surface, which consequently increases the heat transfer rate through the 

passive device.  

In this paper, an analytical and numerical solution is presented. The 1-dimensional axial FGM-based fin is used 

to study the effect of these materials on the temperature distribution of FG-based fins, assuming a linear model to 

describe the thermal properties of the FG fins. In addition, the equivalent properties model is compared with the 

linear model and the numerical work of ANSYS APDL. The results of the numerical model were compared with 

the analytical solution to expand the study's scope and increase the work's reliability. 
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2. Problem Description: 

As shown in Figure (1), a fin of length (L), width (w), and thickness (t) has two faces of dimensions (L*w) 

exposed heat transfer convection. Its base temperature is constant (Tb). This fin is made of Functionally graded 

materials (FGMs).  

 

 

Figure (1): Dimensions of Fin. 

 

Functionally graded materials (FGMs) are new materials with desired mechanical and thermal properties 

distribution. The distribution of material properties can be achieved in 1-dimension, 2-dimension, and 3-

dimensions of FG directions. In 1-dimensional FGMs, various models or equations, including the power-law 

model, are employed to characterize the distribution of material properties in FGMs, exponential, and sigmoid 

models [16]. In this work, the 1-dimension axial FGMs are used to study the impact of these materials on the 

temperature levels distribution of FG Fins, assuming a linear model to describe the thermal properties of FG Fins 

as shown in equation (1):  

𝑃(𝑦) = 𝑃0 ∗ (1 + 𝑓 ∗ 𝜏 ∗ 𝑦)               …(1) 

 𝑃(𝑦) – The property at any point (y). 

𝑃0– The property at point (y=0). 

𝜏– The slop of linear equation (𝜏 =
𝑃(0)

𝑃(𝐿)
− 1). 

𝑓– Factor of property ratio (Property Ratio =
𝑃(0)

𝑃(𝐿)
). 

𝐿– Length of fin. 

The material properties along the fin length are illustrated in Figure (2), and the material properties of the 

two parents of FGM are listed in Table (1). The slope of linear equation (𝜏) is constant in this case because the 

property ratio (
𝑃(0)

𝑃(𝐿)
) is constant.  

  

(a) Thermal Conductivity. (b) Modulus of Elasticity. 
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(c) Poisson Ratio. (d) Thermal Expansion. 

Figure (2): Material Properties of Linear FG Fin When the parent materials are  Alumina (Al2O3) and Copper 

(Cu).  

 

Table (1): Material Properties of the Two Parents of FGM (Alumina- Copper) [17] 

Property Unit Alumina (Al2O3) Copper (Cu) 

Poisson Ratio ---- 0.2 0.35 

Modulus of Elasticity GPa. 320 114 

Thermal Conductivity W/(m.K). 18 395 

Thermal Expansion 1/K 6.5*10-6 16.5*10-6 

 

3. Mathematical Model: 

 

In this work, two new models are proposed to simulate the heat transfer problem of FG fin. The first is 

the analytical model, while the second is the numerical model. The finite element method is applied to create the 

numerical model, and the ANSYS APDL software is utilized to simulate the heat transfer problem of the FG fin. 

a-) Analytical Solution: 

Figure (3) shows the geometry of the FG fin with a constant base temperature (Tb) and the heat convection at the 

two surfaces of the FG fin (L*w). From Figure (3), the heat conduction through the FG fin equals the heat 

convection from the fin's surfaces, and the governing equation is [18]:  
𝑑

𝑑𝑦
(𝑘

𝑑𝑇

𝑑𝑦
) =

ℎ

𝑡
(𝑇 − 𝑇∞)     0 ≤ 𝑦 ≤ 𝐿                     …(2) 

The boundary conditions are: 

(i) at y=0 → 𝑇 = 𝑇𝑏. 

(ii) at y=L →
𝑑𝑇

𝑑𝑦
= 0.  

 

 

Figure (3): Geometry and Boundary Conditions of FG Fin. 



International Journal of Multiphysics 

Volume 18, No. 3, 2024 

ISSN: 1750-9548 

 

1416 

From Equation (1), the thermal conductivity can be written as: 

𝑘(𝑦) = 𝑘0 ∗ (1 + 𝑓 ∗ 𝜏 ∗ 𝑦)               …(3) 

And equation (2) becomes: 
𝑑

𝑑𝑦
(𝑘0 ∗ (1 + 𝑓 ∗ 𝜏 ∗ 𝑦)

𝑑𝑇

𝑑𝑦
) =

ℎ

𝑡
(𝑇 − 𝑇∞)                          …(4) 

 

In order to solve the governing equation of the problem(i.e. Equation (4)), let; 𝜃 =
𝑇−𝑇∞

𝑇𝑏−𝑇∞
 and 𝜂 =

𝑦

𝐿
 , therefore, 

𝑑𝜃 =
𝑑𝑇

𝑇𝑏−𝑇∞
 and 𝑑𝜂 =

𝑑𝑦

𝐿
. By using Chain Rule, Equation (4) and boundary conditions become: 

(1 + 𝑓𝜏𝜂)
𝑑2𝜃

𝑑𝜂2
+ 𝑓𝜏

𝑑𝜃

𝑑𝜂
=

ℎ𝐿2

𝑡𝑘0
 𝜃 

(1 + 𝑓𝜏𝜂)
𝑑2𝜃

𝑑𝜂2
+ 𝑓𝜏

𝑑𝜃

𝑑𝜂
−

ℎ𝐿2

𝑡𝑘0
 𝜃 = 0 

(1 + 𝑓𝜏𝜂)
𝑑2𝜃

𝑑𝜂2 + 𝑓𝜏
𝑑𝜃

𝑑𝜂
− Γ2 𝜃 = 0                          …(5) 

 

Where : Γ2 =
ℎ𝐿2

𝑡𝑘0
 

The boundary conditions are: 

(i) at 𝜂=0 → 𝑇 = 𝑇𝑏 → 𝜃 = 1 

(ii) at 𝜂=1 →
𝑑𝑇

𝑑𝑦
= 0 →  

𝑑𝜃

𝑑𝜂
= 0.  

 

Substituting  𝜂 = 0.5 [19] at equation (5): 

(1 + 0.5𝑓𝜏)
𝑑2𝜃

𝑑𝜂2 + 𝑓𝜏
𝑑𝜃

𝑑𝜂
− Γ2 𝜃 = 0                          …(6) 

The solution of equation (6) is: 

𝜃(𝜂) = 𝑐1𝑒𝜇1𝜂 + 𝑐2𝑒𝜇2𝜂                …(7) 

Where: 𝜇1,2 =
−(𝑓𝜏)∓ √(𝑓𝜏)2−4(1+0.5𝑓𝜏)Γ22

2∗(1+0.5𝑓𝜏)
 

To find the values of  (𝑐1) and (𝑐2), the boundary conditions are applied and : 

𝑐1 =

𝜇2
𝜇1

𝑒𝜇2−𝜇1

(
𝜇2
𝜇1

𝑒𝜇2−𝜇1−1)
    and  𝑐2 =

1

(1−
𝜇2
𝜇1

𝑒𝜇2−𝜇1)
 

∴ 𝜃(𝜂) =

𝜇2
𝜇1

𝑒𝜇2−𝜇1

(
𝜇2
𝜇1

𝑒𝜇2−𝜇1−1)
𝑒𝜇1𝜂 +

1

(1−
𝜇2
𝜇1

𝑒𝜇2−𝜇1)
𝑒𝜇2𝜂                …(8) 

∴ 𝑇(𝜂) = 𝑇∞ + [(𝑇𝑏 − 𝑇∞) ∗ (

𝜇2
𝜇1

𝑒𝜇2−𝜇1

(
𝜇2
𝜇1

𝑒𝜇2−𝜇1−1)
𝑒𝜇1𝜂 +

1

(1−
𝜇2
𝜇1

𝑒𝜇2−𝜇1)
𝑒𝜇2𝜂)]                …(9) 

For the homogenous fin, 𝜏 = 0, this leads to the following: 

𝑑2𝜃

𝑑𝜂2 + −Γ2 𝜃 = 0                          …(6') 

𝜃(𝜂) = 𝑐1𝑒𝜇1𝜂 + 𝑐2𝑒𝜇2𝜂                …(7') 

Where: 𝜇1,2 = ∓Γ 

Also; 

𝑐1 =
𝑒−2Γ

(1+𝑒−2Γ)
    and  𝑐2 =

1

(1+𝑒−2Γ)
 

 

∴ 𝑇(𝜂) = 𝑇∞ + [(𝑇𝑏 − 𝑇∞) ∗ (
𝑒−2Γ

(1+𝑒−2Γ)
𝑒𝜇1𝜂 +

1

(1+𝑒−2Γ)
𝑒𝜇2𝜂)]                …(9') 
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b-) Numerical Model: 

The numerical model is built using ANSYS APDL software and using the tetrahedral element with ten nodes 

(SOLID87) [20]. The suitable size of a tetrahedral element is chosen depending on convergent criteria of 

numerical solution. The numerical model is achieved according to the following steps: 

(1) Drawing the FG fin: The FG fin is divided into ten parts [21], and the used dimensions of the FG fin are 

listed in Table (2). The dimensions of each part are (L/10) length, (w) width, and (t) thickness (see Figure 

(4-a)).  

(2) Material Properties: Each part of the FG fin is assumed to be a homogenous material using the following 

equation. The material properties of each component are computed as: 

𝑃𝑖 =
(𝑃(𝑖∗𝐷𝐿)+𝑃((𝑖−1)∗𝐷𝐿))

2
     𝑖 = 1,2, … . .10          …(10) 

Where: 𝑃𝑖 Is the property of the i-th part of FG Fin, and (DL) is the length of each part of FG Fin (see 

Table (2)). This model inserts ten sets of material properties into ANSYS APDL Software.  

(3)  Boundary Conditions: Three boundary conditions are applied in this numerical model. The first one is 

"applying constant temperature at the base surface of FG fin" (see Figure (3)). The second boundary 

condition is applied by considering an insulated fin's tip. "free convection at two surfaces of each part of 

FG fin is the third boundary condition by assuming constant heat convection coefficient (h-constant) and 

constant surrounding temperature (T∞- constant)".  

(4) Solving the Numerical Model: The steady state heat transfer problem is considered in this model. 

(5) Results: To investigation the effect of material properties difference of FG fin on the temperature levels 

distribution. The temperature distribution at the FG fin's center and the FG fin's length are drawn.  

 

Table (2) Dimensions of FG Fin and Parts 

Dimension Value Unit 

Length of FG Fin (L)  0.1 m 

Width of FG Fin (w) 0.04 m 

Thickness of FG Fin (t) 0.003 m 

No. of Division of FG Fin 10   

Length of each part of FG Fin (DL)  0.005 m 

Width of each part of FG Fin (w) 0.04 m 

Thickness of each part of FG Fin (t) 0.003 m 

 

  

(a) Drawing FG Fin. (b) Meshing the Model. 
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(c) Applying Boundary Condition. (d) Results. 

Figure (4): Steps of the Numerical Model Using ANSYS APDL Software. 

 

c-) Homogenous Model of FG Fin: 

From Figure (4-a) and equation (10), the equivalent properties of FG fin can be calculated using the following 

equation [22,23]: 

  

∑ (
Δ𝐿

𝜆𝑖
)

10

𝑖=1

=
𝐿

𝜆𝑒𝑞
 

 

∴ 𝜆𝑒𝑞 =
𝐿

∑ (
Δ𝐿

𝜆𝑖
)10

𝑖=1

                               …(11) 

Where:( 𝜆𝑖)Is the property of i-th part, and (𝜆𝑒𝑞)It is the equivalent property. 

This work calculates the equivalent thermal conductivity of FG fins for each property ratio (f) factor and linear 

equation slope. (𝜏) And then, it is used to calculate the temperature distribution of homogenous fins using equation 

(9'). 

 

4. Cases Studied: 

In this work, the effect of  slop of linear equation (𝜏), a factor of property ratio (f) and temperature ratio (
𝑇∞

𝑇𝑏
) The 

distribution of temperature along the length of the FG fin. The cases studied in this work are lists Table (3). 

 

Table (3): The cases examined in this work. 

No. T∞ (C) Tb (C) T∞/Tb Material Distribution Type The factor of Property Ratio (f) 

1 25 125 0.2 

Case 1:𝑘(𝐿) > 𝑘(0) f=0, 0.2, 0.4, 0.5, 0.6, 0.8 and 1 

2 25 50 0.5 

3 25 31.25 0.8 

4 25 20 1.25 

5 25 12.5 2 

6 25 6.25 4 

7 25 125 0.2 

𝐶𝑎𝑠𝑒 2: 𝑘(0) > 𝑘(𝐿) f=0, 0.2, 0.4, 0.5, 0.6, 0.8 and 1 

8 25 50 0.5 

9 25 31.25 0.8 

10 25 20 1.25 

11 25 12.5 2 

12 25 6.25 4 
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5. Results and Discussion: 

 

5.1 Check Accuracy:  

This section studies the accuracy of the ANSYS and equivalent properties models compared with the analytical 

solution. Figure (5) demonstrates the comparison between the temperature calculated by analytical, equivalent 

property and ANSYS models for different (T∞/Tb) and various values of factor of property ratio (f=0,0.5 and 1) 

at η=0.5 and η=1 when k(L)>k(0). When (f=0) (i.e., homogenous material), the temperatures of the analytical 

solution at any point are the same in the equivalent property model. But the difference between them appears 

when the factor of property ratio(f) increases (i.e. when the ratio (k(L)>k(0)) increases). On the other hand, the 

results of the ANSYS model behave as lower than the analytical values for a lower T∞/Tb ratio. In comparison, 

the numerical results become higher for the higher T∞/Tb ratio for both η=0.5 and η=1. The maximum absolute 

percentage of error between analytical results and equivalent property results is (2.363%) when (η=0.5), (f=0.5), 

and (T∞/Tb=0.2). The maximum absolute percentage of error between analytical results and ANSYS results is 

(6.756%) when (η=0.5), (f=1), and (T∞/Tb=0.2), as listed in Table (4). 

 

5.2 Effect of (T∞/Tb) Ratio: 

Figure (6) shows the effect of the (T∞/Tb) ratio on the temperature profile along the length of FG fin for 

different factors of property ratio (f) when k(L)>k(0) (i.e., Case 1). When (T∞/Tb) is smaller than unity (i.e., 

cooling process), Temperature reduction occurs along the length of the FG fin. But when (T∞/Tb) is more 

significant than unity (i.e., Heating process), the temperature rises along the FGM fin's length. When η=0 (i.e., 

at the FG fin base), the input temperature decreases with increasing (T∞/Tb) ratio; in this case, the effect of FG 

material does not appear. But when (η>0), the effect of FG material starts, and the maximum impact appears 

when η=1, as illustrated in Figure (7). 

When k(0)>k(L) (i.e., Case 2), the effect of the (T∞/Tb) Ratio on the temperature profile along the length of 

FG fin for different factors of property ratio (f) is illustrated in Figure (8). Similar to Case 1, the temperature 

increases when (T∞/Tb) is more significant than unity along the FG fin length. Also, the temperature decreases 

along the length of FG fin if (T∞/Tb) is smaller than unity. If (η>0), the effect of FG material appears, and the 

maximum effect is found when η=1, as illustrated in Figure (9). 

 

5.3 Effect of Factor of Property Ratio (f): 

In this section, the property ratio (f) factor controls the slope of the material properties without changing the 

parent's materials of the FG fin. The unity value of factor of property ratio (f) means that the material at the base 

of FG fins is (k0) (kAlumina in case 1) and the material at the end of FG fins is (kL) (kCopper in case 1). While the 

(0.5) value of property ratio (f) means that the material at the base of FG fins is still (k0) (kAlumina in case 1), but 

the material at the end of FG fins is (kL) (0.5 kCopper in case 1). In Figures (6-9), the temperature at the FG fin end 

reduces with the increasing factor of property ratio (f) at (T∞/Tb) Ratio smaller than unity and for cases (1) and 

(2). On the other side, at the end of the FG fin, the temperature rises with the increasing factor of property ratio 

(f) when the (T∞/Tb) Ratio is more significant than unity for cases (1) and (2). 

5.4  

5.5 Comparison Between Case (1) and (2): 

Figure (10) shows the comparison between the temperature of the two cases at the end of FG fin due to (a) 

the factor of property ratio (f) (see Figure (10-a)) and (b) temperature ratio (T∞/Tb) (see Figure (10-b)). The 

increase in temperature of the case (1) is more significant than that of case (2), especially at a smaller temperature 

ratio (T∞/Tb=0.2) and at the maximum factor of property ratio (f=1). This appears sharply in Figures (11 and 12). 
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At η=0.5 At η=1 

  

f=0 

  

f=0.5 

  

f=1 

Figure (5): A Comparison of temperatures determined using analytical, numerical, and equivalent property 

models of (T∞/Tb) at η=0.5 and η=1 

when 𝒌(𝑳) > 𝒌(𝟎) . 

  

Table (4): The error percentage of the ansys model and equivalent property model concerning the analytical 

solution for three factors of property ratio values (f) when 𝒌(𝑳) > 𝒌(𝟎) 

No. T∞/Tb 
percentage error of the equivalent model 

about the analytical solution 

Percentage error of the ansys model 

regarding the analytical solution 

1- f=0 

No. T∞/Tb η=0.5 η=1 η=0.5 η=1 
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1 0.2 0 0 3.780 2.837 

2 0.5 0 0 1.008 0.732 

3 0.8 0 0 0.257 0.184 

4 1.25 0 0 -0.206 -0.150 

5 2 0 0 -0.520 -0.374 

6 4 0 0 -0.786 -0.560 

2- f=0.5 

No. T∞/Tb η=0.5 η=1 η=0.5 η=1 

1 0.2 -2.363 -1.839 6.338 5.632 

2 0.5 -0.667 -0.509 1.788 1.559 

3 0.8 -0.172 -0.131 0.461 0.402 

4 1.25 0.141 0.106 -0.376 -0.326 

5 2 0.356 0.269 -0.957 -0.824 

6 4 0.541 0.407 -1.450 -1.249 

3- f=1 

No. T∞/Tb η=0.5 η=1 η=0.5 η=1 

1 0.2 -1.767 -1.292 6.756 6.320 

2 0.5 -0.511 -0.369 1.953 1.804 

3 0.8 -0.133 -0.096 0.509 0.467 

4 1.25 0.109 0.078 -0.416 -0.383 

5 2 0.277 0.198 -1.061 -0.969 

6 4 0.422 0.301 -1.611 -1.473 

 

  

f=0 f=0.2 

  

f=0.4 f=0.5 
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f=0.6 f=0.8 

 

f=1 

Figure (6): Temperature profiles comparison for different  (t∞/tb) ratios and different factors of property 

ratio (f) when k(L)>k(0). 

 

  

f=0 f=0.2 

  

f=0.4 f=0.5 
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f=0.6 f=0.8 

 

f=1 

Figure (7): Comparison of Temperature Variation Due to Increasing  (T∞/Tb) Ratio for Different Position 

(η) and Different Factors of Property Ratio (f) When k(L)>k(0). 

 

 

  

f=0 f=0.2 

  

f=0.4 f=0.5 
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f=0.6 f=0.8 

 

f=1 

Figure (8): Temperature distribution comparison for different  (t∞/tb) ratios and different factors of 

property ratio (f) when k(0)>k(L). 
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f=0.6 f=0.8 

 

f=1 

Figure (9): Comparison of temperature variation due to increasing  (t∞/tb) ratio for different positions 

(η) and various factors of property ratio (f) when k(0)>k(L). 

 

 Case 1 Case 2 

 
 

(a) Temperature at the end of FG fin T(η=1) vs. factor of property ratio (f) 

  

(b) Temperature at the end of fg fin T(η=1) vs. Temperature ratio (T∞/Tb ) 

Figure (10) : Comparison between the temperature at the end of fg fin for the two cases. 
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f=0 f=0.2 

  

f=0.4 f=0.5 

  

f=0.6 f=0.8 

 

f=1 

Figure (11): A comparison of the temperature at the terminus of the fg fin in two cases in which the 

temperature ratio was increased (T∞/Tb ) for different factors of property ratio (f). 
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T∞/Tb=0.2 T∞/Tb=0.5 

  

T∞/Tb=0.8 T∞/Tb=1.25 

  

T∞/Tb=2 T∞/Tb=4 

Figure (12): Comparison between the temperature at the end of fg fin for the two cases due to the increased 

factor of property ratio (f) for different temperature ratios (T∞/Tb). 

 

 

6. Conclusions and Future Works: 

 The current study has presented Numerical and analytical work to investigate the thermal performance of FGM-

based fins. Thermal properties of the FGM-based fins are assumed to be changed linearly along the fin's length. 

Equivalent properties of the fin's material have also been considered in the current work. The number of remarks 

concluded from the present study:  

 

1- As thermal conductivity increases along the fin's length (k(L)>k(0)), for lower f, the result in the case of 

equivalent properties is like the results in the case of the analytical solution. At the same time, the 

difference appears as f  increases. 

2- In the case of (k(L)>k(0)), as the (T∞/Tb) ratio is lower than 1 (cooling process), the numerical results 

become lower than the analytical results and vice versa in the case of (T∞/Tb) ratio higher than 1 (heating 

process. The maximum error between both solutions is (6.756%) when (η=0.5), (f=1), and (T∞/Tb=0.2), 
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while the maximum error between results in cases of numerical and equivalent properties is (2.363%) 

when (η=0.5), (f=0.5) and (T∞/Tb=0.2). 

3-  In the case of k(L)>k(0), as (T∞/Tb ratio) is lower than unity (cooling process), the increase in (f) leads 

to a rise in the local fin's temperature. In contrast, a slight reduction in the fin's temperature happens as 

the T∞/Tb ratio becomes higher than unity (heating process). This means that FGM material acts as a 

barrier against thermal shock.  

4- In k(L)>k(0), the (f) factor affects the temperature changes along the fin's length very slightly. This 

conclusion is expected as thermal conductivity decreases along the fin's length affecting the heat transfer 

along the fin by conduction negatively.  

Overall, it can be concluded that the performance of the FGM-based fins is better than the regular based fins 

thermally. 
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